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Two-type internal aggregation model:
@ oil and water particles (distinguishable);
@ particles interact only if of different types.
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“Binary” model

Model

Two-type internal aggregation model:
@ oil and water particles (distinguishable);
@ particles interact only if of different types.

On Z consider N oil particles and N water particles placed at 0.
Then inductively each vertex x containing at least an oil and a water fires
the 2 particles independently to x + 1 or x — 1 with probability 1/2:
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“Binary” model

Model

Two-type internal aggregation model:
@ oil and water particles (distinguishable);
@ particles interact only if of different types.

On Z consider N oil particles and N water particles placed at 0.
Then inductively each vertex x containing at least an oil and a water fires
the 2 particles independently to x + 1 or x — 1 with probability 1/2:

o if oil (resp. water) encounters a water (resp. oil) at the new vertex,
then they are fired again;

THE UNIVERSITY OF

WARWICK

Elisabetta Candellero (Warwick) Oil and water Turin, 22/12/14 2 /52



“Binary” model

Model

Two-type internal aggregation model:
@ oil and water particles (distinguishable);
@ particles interact only if of different types.

On Z consider N oil particles and N water particles placed at 0.
Then inductively each vertex x containing at least an oil and a water fires
the 2 particles independently to x + 1 or x — 1 with probability 1/2:

o if oil (resp. water) encounters a water (resp. oil) at the new vertex,
then they are fired again;

o if oil (resp. water) encounters only oils (resp. waters) at the new
vertex, then it stops there.
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“Binary” model

Binary model on Z
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“Unary” model IDLA

Motivation — Internal DLA on Z¢

On Z consider N (indistinguishable) particles placed at 0.
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“Unary” model IDLA

Motivation — Internal DLA on Z¢

On Z consider N (indistinguishable) particles placed at 0.

Then inductively each particle moves to a neighbor x according to simple
random walk and:
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“Unary” model IDLA

Motivation — Internal DLA on Z¢

On Z consider N (indistinguishable) particles placed at 0.

Then inductively each particle moves to a neighbor x according to simple
random walk and:

e if x is occupied, then particle moves further (according to SRW) until
it finds an unoccupied vertex;
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“Unary” model IDLA

Motivation — Internal DLA on Z¢

On Z consider N (indistinguishable) particles placed at 0.

Then inductively each particle moves to a neighbor x according to simple
random walk and:

e if x is occupied, then particle moves further (according to SRW) until
it finds an unoccupied vertex;

e if x is unoccupied, then particle stops there.
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“Unary” model Example

On Z
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“Unary” model Example

“Unary” IDLA - Results on Z¢

Lawler-Bramson-Griffeath (1992) showed that on the limit for N — oo the
resulting random set is close to a

Euclidean ball in R,
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“Unary” model Example

“Unary” IDLA - Results on Z¢

Lawler-Bramson-Griffeath (1992) showed that on the limit for N — oo the
resulting random set is close to a

Euclidean ball in RY.

Problem: Alcaraz, Pyatov and Rittenberg (2009) studied two-component
sandpile models, asking whether there is a multiple-type model s.t. the
number of particles of each type is conserved and is Abelian (does not

depend on order of firings).
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“Unary” model Example

“Unary” IDLA - Results on Z¢

Lawler-Bramson-Griffeath (1992) showed that on the limit for N — oo the
resulting random set is close to a

Euclidean ball in RY.

Problem: Alcaraz, Pyatov and Rittenberg (2009) studied two-component
sandpile models, asking whether there is a multiple-type model s.t. the
number of particles of each type is conserved and is Abelian (does not
depend on order of firings).

Oil-water does, since particles of same type can accumulate at same vertex
without causing firing.
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Results about binary model

Questions about Binary model

As N — oo:

e How many firings are needed to reach fixation? (Odometer function.)
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Results about binary model

Questions about Binary model

As N — oo:
e How many firings are needed to reach fixation? (Odometer function.)

@ How far is the typical particle from the origin upon fixation?
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Results about binary model

Answers about Binary model

As N — oo (with high probability):
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Results about binary model

Answers about Binary model

As N — oo (with high probability):

Theorem 1 (C., Ganguly, Hoffman, Levine 2014+) :

The number of firings at 0 is about N*/3.
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Results about binary model

Answers about Binary model

As N — oo (with high probability):
Theorem 1 (C., Ganguly, Hoffman, Levine 2014+) :
The number of firings at 0 is about N*/3.

Theorem 2 (C., Ganguly, Hoffman, Levine 2014+) :
“Typical” particles are within symmetric interval of length N1/3+¢.
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Results about binary model

Answers about Binary model

As N — oo (with high probability):

Theorem 1 (C., Ganguly, Hoffman, Levine 2014+) :

The number of firings at 0 is about N*/3.

Theorem 2 (C., Ganguly, Hoffman, Levine 2014+) :

“Typical” particles are within symmetric interval of length N1/3+¢.

Theorem 3 (C., Ganguly, Hoffman, Levine 2014+) :

If the rescaling of the number of firings at x by N*/3 “behaves”, then its
limit is

wi) = | 77 (@80 X"t x| < (18m)'/3
0 otherwise
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Results about binary model

On Z
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Figure : “Firings” with N = 360000. Grey line is w(x), red & blue bars represent
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Results about binary model

Assumption for the proof of Theorem 3

Conjecture:

(i) Forany § >0

P <sup
XEL

(ii) There is a function w : R — R such that

u(x) — Eu(x)
NA/3

>5>—>0, as N — oo.

Eu(|N'/3¢])

uniformly in &.
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Results about binary model

Proof of Theorem 3

Thm. If the Conjecture holds, then

4 .
W(X) e % <(187T)1/3 - |X’> ) |f ‘X‘ < (187T)1/3
0 otherwise
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Results about binary model

Proof of Theorem 3

Thm. If the Conjecture holds, then

4
w(x) = 2 ((187m)Y3 — |x|)", if |x| < (187)Y/3
0 otherwise

Sketch of proof.
Symmetry around 0 follows from symmetry of the process around O.
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Results about binary model

Proof of Theorem 3

Thm. If the Conjecture holds, then

4
w(x) = 2 ((187m)Y3 — |x|)", if |x| < (187)Y/3
0 otherwise

Sketch of proof.
Symmetry around 0 follows from symmetry of the process around O.

The Conjecture implies that w(-) satisfies

"
w'(x) =/ Sw(x),
with certain boundary conditions. s e o
We show existence and uniqueness. Q.E.D. RY
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Results about binary model Conjectures

OnZd d>2
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Results about binary model Conjectures

OnZ4 d>?2

Conjecture 1: typical order of the odometer u(x) is N*/(d+2),
Conjecture 2: order of the radius of occupied cluster is N/(d+2),
Conjecture 3: there is a deterministic function w(x) : R — R s.t.

u([NYE2)) |
B w(§),

and w(x) satisfies
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E.Candellero, S.Ganguly, C.Hoffman and L.Levine, Oil and water: a
two-type internal aggregation model. Arxiv.org/abs/1408.0776.

Thank you for your attention!
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