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Fekete Points

K ⊂ Cd a compact set

Bn = {P1,P2, · · · ,PN} a Basis for the polynomials of degree
≤ n, restricted to K

z1, z2, · · · , zN ∈ K

[Pi (zj)] ∈ CN×N is the Vandermonde matrix

Fekete points, f1, f2, · · · , fN ∈ K , maximize the determinant of
the Vandermonde matrix, |vdm(z1, · · · , zN)|
Transfinite Diameter is lim

n→∞
|vdm(f1, · · · , fN)|1/`n
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Quadratic Curves

Consider quadratic curve in C2, with coefficient of y2 not
equal to zero

Basis Bn = {1, x , x2, · · · , xn} ∪ y{1, x , x2, · · · , xn−1},
N = 2n + 1

Set K = {(z ,A(z)) : |z | ≤ 1} with ....

.... A(z) =
∑∞

j=0 ajzj , radius of convergence > 1

Points Xn := {(ωk ,A(ωk)) : 0 ≤ k ≤ 2n}, ω2n+1 = 1
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A simplification

Replace A(z) by its polynomial interpolant Q2n(z) at Xn

Points Xn = {(ωk ,Q2n(ωk)) : 0 ≤ k ≤ 2n}
Basis element yx r can be replaced by x rQ2n(x)

Question: What is x rQ2n(x) at ωs?
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Simplest Case

Evaluate xQ2n(x) at x = ω

ωQ2n(ω) = ω
(
q0 + q1ω + q2ω

2 · · ·+ q2nω
2n
)

= q0ω + q1ω
2 + · · ·+ q2n−1ω

2n + q2nω
2n+1

= q2n + q0ω + q1ω
2 + · · ·+ q2n−1ω

2n

= Q
(1)
2n (ω)

where Q
(1)
2n (x) is the polynomial obtained by cyclically shifting

the coefficients one to the right

Len Bos, Universitá di Verona Fekete Points on Curves, Hankel Determinants and the Moment Problem



Basic Notions Hankel Determinants Back to the Beginning End

In General

x rQ2n(x) at x = ωs equals Q
(r)
2n (ωs)

where Q
(r)
2n (x) obtained by cyclically shifting by r to the right

Replace the basis by

B̃n := {1, x , x2, · · · , xn,Q(0)
2n (x),Q

(1)
2n (x), · · · ,Q(n−1)

2n (x)}

Point set becomes univariate:

X̃n := {1, ω, ω2, · · · , ω2n}
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Transition to Standard Basis



1
x
·
·
xn

Q
(0)
2n (x)

Q
(1)
2n (x)
·
·

Q
(n−1)
2n (x)


= T



1
x
·
·
xn

xn+1

xn+2

·
·

x2n
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The Transition Matrix T

T =



In+1 0

qn+1 qn+2 · · q2n
qn qn+1 · · q2n−1

∗ · ·
· ·
q2 q3 · · qn+1
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The Determinant of T

det(T ) =

∣∣∣∣∣∣∣∣∣∣
qn+1 qn+2 · · q2n
qn qn+1 · · q2n−1
· ·
· ·
q2 q3 · · qn+1

∣∣∣∣∣∣∣∣∣∣
(Toeplitz Form)

= ±

∣∣∣∣∣∣∣∣∣∣
q2 q3 · · qn+1

q3 q4 · · qn+2

· ·
· ·

qn+1 qn+2 · · q2n

∣∣∣∣∣∣∣∣∣∣
(Hankel Form)
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The Vandermonde Determinant

The Vandermonde Determinant becomes

vdm(X̃n; B̃n) = det(T )× vdm(X̃n; {1, x , x2, · · · , x2n)}

A classical Vandermonde Determinant
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The Interpolant at the mth roots of unity

Lemma

The interpolant of F (z) =
∑∞

j=0 ajz
j at the m mth roots of unity

is given by

Pm−1(z) =
m−1∑
k=0

qkz
k

where

qk =
∞∑
j=0

ak+jm.
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The Generating Function

Definition

The (formal) power series F (z) =
∑∞

k=1 akz
k is said to be the

(shifted) generating function of the Hankel matrices Hn ∈ Rn×n if

(Hn)i ,j = ai+j−1.

• Note that the summation begins at k = 1!!
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A First Example

Consider F (z) =
∞∑
k=1

1

k
zk = − log(1− z) (|z | < 1)

Hn = [1/(i + j − 1)], the classical Hilbert matrix

det(Hn) =

(∏n−1
j=1 j!

)4
∏2n

j=1 j!

lim
n→∞

(det(Hn))1/n
2

=
1

4
which is the transfinite diameter of the interval [0, 1]
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Gram Matrices

Since Hi ,j =
1

i + j − 1
=

∫ 1

0
x i−1x j−1dx

Hn is the Gram matrix for {1, x , x2, · · · , xn−1} for dx on [0, 1]

Definition

A measure µ is in the Stahl-Totik class Reg if

limn→∞ ‖Pn‖1/nL2(µ)
= tfd(K ), where Pn is the monic orthogonal

polynomial.

Theorem

(Stahl-Totik) The measure µ ∈ Reg iff there is a Nikolski type
inequality,

‖p‖K ≤ cn‖p‖L2(µ), lim
n→∞

c
1/n
n = 1

for all polynomials with deg(p) ≤ n.
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Bloom’s Theorem

Theorem

(Tom Bloom, 2014) Suppose that Gn(µ) ∈ Rn×n is the Gram
matrix for the measure µ with

(Gn)i ,j =

∫
x i−1x j−1dµ.

Then

lim
n→∞

(det(Gn(µ)))1/n
2

= tfd(K ) ⇐⇒ µ ∈ Reg.
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Further Results

For the Generating Function F (z) let
f (z) = F (1/z) =

∑∞
k=1 ak/z

k

Theorem

(Polya-Goluzin Formula) Suppose that f (z) is analytic outside a
compact set E ⊂ C. Then

n!det(Hn)

=
1

(2πi)n

∫
γ
··
∫
γ
f (z1)f (z2) · · · f (zn)vdm2(z1, · · · , zn)dz1 · · · dzn.

Theorem

(Polya, 1928) We have

lim sup
n→∞

|det(Hn)|1/n2 ≤ tfd(K ).

Len Bos, Universitá di Verona Fekete Points on Curves, Hankel Determinants and the Moment Problem



Basic Notions Hankel Determinants Back to the Beginning End

Pick Functions

Theorem

(Liu and Pego, 2014) The sequence (ck)0≤k<∞ is the moment
sequence of a measure supported on [0, 1] iff

F (z) =
∞∑
k=1

ck−1z
k

is a so-called Pick function analytic on (−∞, 1).

Definition

F (z) is a Pick function analytic on (−∞, 1) if

F (z) is anayltic in the upper half-plane, and leaves it invariant.

F (z) takes real values on (−∞, 1) and admits analytic
continuation across this interval.
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Recovery of the Measure

In the case that ak =
∫
xk−1dµ, then

f (z) =
∞∑
k=1

(∫
xk−1dµ

)
z−k

= −
∫

1

x − z
dµ

Theorem

(Liu-Pego-Donoghue, 2014) The measure can be recovered by

µ(α, β) = − lim
y→0+

1

π

∫ β

α
=(f (x + iy))dx .

Len Bos, Universitá di Verona Fekete Points on Curves, Hankel Determinants and the Moment Problem



Basic Notions Hankel Determinants Back to the Beginning End

Hilbert Matrix Example Continued

F (z) = − log(1− z), and

−f (z) = log(1− 1/z) = log

(
x2 + y2 − x + iy

x2 + y2

)
As y →+,

−f (z)→ log

(
x2 − x

x2

)
= log

(
x − 1

x

)
Hence

−=(f (z))→ π

and

µ(α, β) = β − α, i.e., µ is Lebesgue measure on [0, 1]
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A Second Example

Take F (z) = ez − 1 =
∑∞

k=1(1/k!)zk

Then f (z) = e1/z − 1 is analytic outside E := {0}
Polya’s Theorem implies that

lim
n→∞

|det(Hn)|1/n2 = tfd(E ) = 0

But it is possible to calculate

|det(Hn)| =

n−1∏
j=1

j!

 /

2n−1∏
j=1

j!


So that

lim
n→∞

|det(Hn)|1/(n2 log(n)) = e−1
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An Example Sarting From the Measure µ

Take dµ =
2

π

√
1− x

x
dx ∈ Reg([0, 1])

Calculate

F (z) =

∫ 1

0

z

1− xz
dµ(x) = 2(1−

√
1− z)

Bloom’s Theorem implies that

lim
n→∞

|det(Hn)|1/n2 = tfd([0, 1]) = 1/4

But it is also possible to calculate explicitly

|det(Hn)| = 4−n(n−1)
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Recall the Determinant of T

Recall that our original reason was to study

det(T ) =

∣∣∣∣∣∣∣∣∣∣
q2 q3 · · qn+1

q3 q4 · · qn+2

· ·
· ·

qn+1 qn+2 · · q2n

∣∣∣∣∣∣∣∣∣∣
But there is a shift – it begins with q2 and not q1
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How to Handle a Shift

f (z) =

∫ 1

0

1

z − x
dµ(x) =

a1
z

+
a2
z

+ · · ·

f1(z) := zf (z)− a1 =
a2
z

+
a3
z

+ · · ·

= z

∫ 1

0

1

z − x
dµ(x)− a1

=

∫ 1

0

1

z − x
xdµ(x)
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Shifted Measure

Lemma

If µ ∈ Reg([0, 1]) then so is x rµ, r = 0, 1, 2, · · · .

Corollary

If µ ∈ Reg([0, 1]) then

lim
n→∞

|det(Hn(fr ))|1/n2 = tfd([0, 1]) =
1

4
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Scaling

Want to consider even a simple quadratic y2 + x = 1, i.e.,
y =
√

1− x

But radius of convergence is one

Need to scale, i.e., y =
√
R − x =

√
R
√

1− x/R

Consider F (z/R) =
∑∞

k=1 akR
−kzk .

Then, e.g.,

H3(F (z/R)) =

 a1/R a2/R
2 a3/R

3

a2/R
2 a3/R

3 a4/R
4

a3/R
3 a4/R

4 a5/R
5
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Calculate the Scaled Determinant

Factor out R−j from column j to get

R−1R−2R−3

∣∣∣∣∣∣
a1 a2 a3

a2/R
1 a3/R

1 a4/R
1

a3/R
2 a4/R

2 a5/R
2

∣∣∣∣∣∣
= R−6R−1R−2det(H3(F (z)))

= R−9det(H3(F (z)))

In general get R−n
2
det(Hn(F (z)))

so that the limit of the 1/n2 power gets multiplied by R−1.
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Conclusion

Theorem

For A(z) =
√
R − z , R > 1,and Q2n(z) its interpolant at the

2n + 1th roots of unity,

lim
n→∞

|det(H(1)
n (Q2n))|1/n2 =

1

4R
.
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Thank you for your attention!
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